Abstract. We have installed borehole tiltmeters at five sites in Yellowstone National Park, Wyoming, and have used these instruments to measure the spatial variation of the amplitude and phase of the principal semidiurnal tide. The measured tides vary both with position and azimuth and differ from the sum of the body tide and the ocean load by up to 50%. The difference predicted by a finite element model constructed from seismic, refraction, and gravity data has a maximum value of only 1 2 % . although the discrepancy between our observations and the model is only marginally significant at some sites. The disagreement between the model and our observations is much larger than we observed using the same instruments at other sites and cannot be attributed to an instrumental effect. We have been unable to modify the model to explain our results while keeping it consistent with the previous observations.
Introduction
In paper 1 [Levine et al., this issue], we described a deep borehole tiltmeter design and tidal analysis procedures. An array of these tiltmeters was installed in Yellowstone National Park, Wyoming. We used the instruments to measure the amplitude and phase of the Earth tides at five locations in the park. In this paper we compare these measurements with the prediction of a finite element model of the region.
Beaumont and Berger [ 1 9 7 4 ] showed that the amplitude and phase of the Earth tides would vary with position near the boundary between regions of different elastic parameters or seismic velocities. They estimated that a 10% contrast in Vp might produce a change of up to 40% in the amplitude of the tides. This effect would be largest near the velocity discontinuity and would be of comparable magnitude for either tilt or strain observations. strain and tilt near the boundary. librium, stress is continuous across the
This effect is caused by a coupling between
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boundary, and the strains on either side will therefore be different. The discontinuity in strain gives rise to tilts which decrease with distance from the boundary. These strain-induced tilts also couple strain tides and tilt tides, which results in a spatially varying tidal admittance.
also produce a secular tilt in response to a secular strain, and the observed uplift in Yellowstone might therefore be at least partially a response to secular strain. We will discuss this issue later.
the bulk modulus do not completely specify the strain-tilt coupling, as can be seen from the simplified models of Harrison and Flach [ 1 9 7 6 ] and Harrison [ 1 9 7 8 ] (see Figure 1 ) . All of the models had the same 10% contrast in Vp between the interior and exterior zones, but the bulk modulus and Poisson's ratio differed. The models were (1) a body extending to 100 km with material properties corresponding to very flat inclusions, ( 2 ) the same body with round inclusions, and ( 3 ) a body with the same material properties as model 1 but extending to a depth of 200 km. and 3 have a lower modulus and a higher Poisson's ratio than model 2. Depending on how far from the boundary the measurement is made, the amplitude of the tides changes by up to 40% for models 1 and 3 but is considerably smaller for model 2 . Under favorable circumstances, a measurement of the tides can thus serve to discriminate among models that have the same contrast in Vp.
The coupling between strain and tilt would Elastic parameters such as Poisson's ratio or
Models 1 Previous Investigations
Yellowstone National Park has recently been the site of a large number of geophysical and geological investigations, many of which are summarized by Eaton et al. [ 1 9 7 5 ] and by Smith and Christiansen [ 1 9 8 0 ] . The results of these investigations suggest the presence of a large, hot, and possibly molten body beneath the center of the park. many different techniques: gravity surveys show a large low-density mass beneath the park; magnetic surveys show a low value, suggesting that the Curie depth may be only about 10 km beneath the surface as compared with an average Curie depth of 1 5 -3 0 km for the continental United States. There are also seismic anomalies: P waves travel about 15% slower in the crustal portion of the body and up to 5% slower in the deeper portions down to about 250 km; S waves are absent from some ray paths traversing the area, suggesting that at least part of the body is molten.
The body has been studied using These and other investigations are consistent . All three models are consistent with the observed reduction of 10% in
Vp.
give a lower modulus and a higher Poisson's ratio than the flat inclusions of model 2.
Models 1 and 3 have round inclusions which with a 40 km x 60 km collapsed caldera with a low-density, hot, and mechanically weak region below it [Lehman et al., 19821 . Newly acquired uplift data from repeat gravity and line level surveys, seismic refraction data, and geologic data have been interpreted by Smith and Braile [1984] to indicate the possibility of volcanic activity in the future. be unique in the region; quaternary volcanism was both extensive and voluminous.
Such activity would not
Instrument Sites
The sites were chosen to be close to the edges of the anomalous zone as defined by Eaton et al. [1975] , , and others, since the strain-tilt coupling is largest there. The site at Lake is near the southeastern edge of the caldera; Canyon, Norris, and Madison are all at road junctions on the northwest edge of the caldera; Tower was intended as a control station away from the anomalous body (see Figure 2) . The location of the boundary of the low-velocity zone is different in some of the newer seismic models that were completed after the instruments had been installed [Smith and Braile, 19841 , and in these models, Tower is close to the edge of the anomalous region. The coordinates of the sites and the details of the installation and operation are given in paper 1.
Data Acquisition and Analysis
The first reliable data were recorded early in 1983, and the analysis included data through June 1986. in blocks, most of which were about 3000 hours long (30,000 values at 10 samplesfi). The two sensors in each borehole were analyzed independently using the methods outlined in paper 1. amplitude and phase of the M2 tidal component were estimated by a least squares fit of the tidal potential to a data set from which the secular tilt had been removed using our spline estimator. The uncertainty of the amplitude estimate was computed from the measured signalto-noise ratio in each data set: the ratio of the M2 power to the power in the residuals of the least squares fit at the same frequency.
The signal-to-noise ratios for a 1-month data set varied from over 40 dB at Canyon to 23 dB at Lake. The high noise level in the tidal bands at Lake and a quasi-periodic signal with a period of 54 min recorded there may be due to seiches from nearby Yellowstone Lake. at Lake was also particularly large and ranged up to 2 prad/yr.
In Table 1 we show the measured amplitudes and phases of the Mz tidal component for all of the data sets. There were several blocks of data with the same azimuth at most sites, and these estimates are shown separately and are then averaged together. For each block of data, the azimuth of the instrument is given, the M2 amplitude in nrad, the phase with respect to the local tidal potential in degrees (phase lags are negative), the length of the block in hours and the starting date of the block. The "ident" column gives the source of the data set. The entry for BH specities which of the two boreholes at each site was used, TM gives the tiltmeter serial number, and PN specifies one of the two pendulums in the tiltmeter. The uncertainty in each amplitude is computed from the signal-tonoise ratio of the data set as described above. If the noise is uncorrelated with the tides, an uncertainty of 1% in amplitude implies an uncertainty of 0.6' in phase.
amplitude and phase estimates along azimuths of 45" and 315" using linear combinations of pairs of phasors. pendulums whenever possible; the constituents of each estimate are shown in column 2 of Table 2 . Except at Norris, where only one azimuth was used, the projected estimates are averaged with weights proportional to the lengths of the data sets used in their construction (see Table 2 ) . The uncertainties are the standard deviations of the average amplitudes and are somewhat higher than would be computed from the signal-to-noise ratios of the constituent time series.
same at all of the stations, since they are less than 50 km apart. using the ocean models of Parke [1978] and Schwiderski [1980] . The two load estimates differ by about 30% in amplitude.
The data from each borehole were analyzed
The
The secular tilt rate
The estimates in Table 1 Table 3 . The 30% difference in the two ocean load estimates translates into a 5% uncertainty in the combined estimate along 45" and a 10% uncertainty along 315".
A comparison of Tables 2 and 3 shows significant differences at all of the stations except Canyon, where the disagreement is roughly equal to the uncertainty of the measurement. The largest discrepancy is at Norris, where the measured tide along an azimuth of 315" is only about 55% of the theoretical value.
The variation does not exhibit a simple pattern as would be expected from the cylindrical model of Figure 1 , and we constructed a finite element model using the material properties deduced from previous work to explain our results. The failure of the cylindrical model of Figure 1 to explain our data is not due only to its lack of detail; the cylindrical model solutions have discontinuities and singularities at the boundary between the low-velocity and normal zones, and these effects dominate the predicted response.
Singularities exist both in finite element and analytic solutions for any model with a sharp discontinuity in elastic parameters. Bogy [1968] found an analytic solution for the stresses between two edge-bonded, orthogonal isotropic wedges. The solution for the stress has a weak singularity at the free edge-bond intersection. Christensen [1979] attempted to solve the same problem using finite element methods, but the solution did not converge for any mesh size. The derivatives of the displacements were singular, and the tilts asymptotically approached 90" at the boundary. mental way from the sharply defined boundary conditions, and they can only be avoided by using a larger, smoother model with smaller contrasts between adjacent elements. The size of the model should be limited by the spatial resolution of the input data.
These unphysical results arise in a funda-
Previous Yellowstone Models
The elastic material properties for this study are a synthesis of existing geophysical models, primarily seismic velocity models. Individually, these models either do not completely define the elastic parameters or they do not adequately resolve the geologic structure. the S wave velocity structure of Daniels and Boore [1982] , the teleseismic P wave velocity structure of Iyer [1979] and Iyer et al. [1981] , the refraction models of Lehman et al. [1982] with the model of Evoy and Smith [1979] . simultaneous inversion of the teleseismic P wave delays and surface gravity measurements. inversion showed a low-density body centered under the caldera that was 60 km wide at the surface widening to 150 km at a depth of 100 km.
We have combined
The Evoy-Smith model is the result of a The This type of inversion has the poorest resolu- Feb . 26, 1983 Aug. 10, 1983 Dec. 14, 1983 Aug. 10, 1983 Dec. 15, 1983 Aug. 4, 1983 Dec. 15, 1983 Oct. 7, 1984 Jan. 18, 1985 Aug. 4, 1983 Dec. 15, 1983 Oct. 7, 1984 Jan. 18. 1985 Sept. 15, 1985 Jan. 24, 1986 Sept. 15, 1985 15, Jan. 24, 1986 tion in the upper 10-15 km of the crust, so that elastic properties. These are not well resolved the refraction and gravity results of Lehman et by the existing studies, and our estimate of the al. [1982] are used to define that portion of the spatial dependence of these velocities has the structure.
greatest uncertainty of any component of the The S wave velocities also constrain the model. Since Daniels and Boore give only a modulus and Poisson's ratio, but deriving these parameters from the seismic velocity profile requires the density as well. Gravity data provide the average density, but not its vercical profile. We follow Daniels and Boore [1982] in confining the low-density region to the upper 10 km of the crust.
The model can be specified using only Young's
We tested the sensitivity of our results to the properties of the uppermost low-velocity layer, which is 2.5 km thick. Although the stress and strain near the surface are very sensitive to the parameters of the top layer, the effect on a tiltmeter is dominated by the Pg layer in the upper crust (layer 2 of our model). This layer is characterized by a velocity of 5.7 km/s in the zone of interest in contrast to 6.05 km/s in the surrounding material. This lowvelocity region roughly coincides with the caldera rim and the gravity low and has been 5 , 1984 Feb. 15, 1985 July 10, 1985 Nov. 8, 1985 March 8, 1986 Oct. 5 , 1984 Feb. 15, 1985 June 28, 1985 Nov. 8, 1985 March 21, 1986 coincides with a gravity low and may be the site of a shallow partial melt.
Within the 5.7 km/s region are two smaller
The northeast zone
The southwest body, There is a significant discrepancy between the
Y E L L O W S T O N E ANOMALOUS BODY
The teleseismic results give a velocity
Three-Dimensional Model
The axes of the finite element model were chosen to lie along azimuths of 45" and 315" so that the y axis was aligned with the long axis of the caldera. The dimensions of the model were 210 km x 210 km x 140 km deep. eight vertical layers, with thicknesses of 2.5, 10, 10, 10, 10, 20, 40, 40 km from top to bottom. The deeper elements are larger because their contribution to the result decreases rapidly with depth. 9251 nodes. The top two layers were composed of rectangular elements, 7.5 km on a side. The elements had 12 nodes each, one at each corner
The model had The model contained 6272 elements and 
R E S I D U A L S T R A I N -U P L I F T COUPLING FACTOR R E S I D U A L S T R A I N -U P L I F T C O U P L I N G FACTOR COMPRESSIVE STRAIN APPLIED ON A Z I M U T H N 4 5 E
-------, Table 5 and extends approximately 60 km in each direction from the edges of the anomalous zone. In these and subsequent figures the boundary of the top layer is shown by solid curves, layer 2 with its low-velocity bodies is shown by dashed curves, and the edge of the anomalous region of the model by long and short dashed curves.
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and one midnode along each vertical boundary. the outline of this layer, the locations of the The remaining layers were constructed using tiltmeters, and the boundaries of the anomalous rectangular elements with eight nodes, one at zone will be reproduced on the remaining figures each corner. An exploded view of the anomalous for comparison. elements of the model is shown in Figure 3 . The
The same geometry was used for all o f our response of the model is dominated by layer 2 , models; only the elastic parameters were varied from one model to the next. The various model results differ only in detail, and only a representative model will be discussed below. A detailed discussion of the five models is given by Meertens 1 1 9 8 7 ) . The elastic parameters used to describe the anomalous region for model YEL7C are listed in Table 4 ; the constants for the low-velocity body in layer 2 are listed as layer 2L. The parameters of the reference section, used for the exterior, are listed in Table 5 . 
Model Loading
The displacements at each node were determined using program ADINA [Adina Engineering, 1 9 8 1 ) .
(The name ADINA is used for identification purposes only and no endorsement is implied.) The far-field homogeneous strain is applied on the model boundaries using prescribed displacements. The three independent surface strain components are the two horizontal uniaxial components cxx and eyy and the horizontal shear strain cxy. y; the vertical direction is z , and the displacements in these directions are u, v and w , respectively. The nodes on the vertical sides of the model were allowed to move vertically, and the prescribed displacements were uniform with depth. The nodes on the base of the model are free to move horizontally but are constrained vertically.
The horizontal coordinates are x and Model Results
The residual strain-uplift coupling factor, shown in Figure 4 , is the uplift (when positive) or subsidence (when negative) induced by the far-field strain minus the first-order homogeneous strain-induced uplift which depends on the thickness and Poisson's ratio of the model. It is normalized by the amplitude of the homogeneous strain which is applied along an azimuth of 315'. same if the strain is applied along an azimuth of 45' because the anomalous body responds primarily to areal strain, which is the sum of the strains applied along the two coordinate azimuths.
shear is smaller in magnitude and has a more complicated pattern. There is no uniform uplift, and the effect is primarily a rotation due to the heterogeneous nature of the model.
The vertical tilt is the vertical derivative of the horizontal displacement; it is continuous across the vertical sides of the elements. The
The uplift pattern is essentially the The vertical displacement produced by a unit resulting tilts are normalized by the applied strain and are shown in Figure 5 . The anomalous region also causes a modification to the homogeneous strain field called the residual strain coupling factor. The primary effect of the anomalous body is an increase of up to 40% in the applied uniaxial strain. The enhancement is generally aligned with the applied strain and would substantially affect strain tide measurements. has normal elastic constants at the surface shows that much of the surface strain comes from coupling between the surface layer and layer 2.
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opposite effect, as expected. The stress factors do not follow the outline of the anomalous elements of layer 2. This means that the reduction in compressive stress at the surface due to the presence of the low modulus material is larger than the increase in compressive stress expected due to the increase in contractional strain at the same location.
inclusion embedded in a plate, reproducing the basic features of the Harrison model discussed above. It strains more than the surrounding material, and the stresses induced by the homogeneous external strain are not supported internally but are redistributed to the surrounding material.
A comparison with a model which
The residual strain-stress coupling shows the Overall, the anomalous body acts as a weak
Comparison With Experiment
The measured amplitude of the geologic effect (G) is the difference between the observed amplitude (O), and the sum of the solid earth body tilt (SE) and the ocean load (OL). The correction for local topography is negligible for our locally flat sites [Meertens and Wahr, 19861 . Table 6 . The deviation of the ratio from unity (or the difference from zero) measures the relative contribution of the caldera (or some other unmodeled effect). The estimate of (G) varies considerably from station to station and depends on azimuth. The admittance discrepancy at Canyon is small, but the value elsewhere is 25-50% of sum of the body tide and the ocean load.
The ratio (O)/[(SE)
strain-tilt vectors and the tidal strain. The homogeneous applied strain (including the ocean load contribution) is computed along the principal axes of the model. These values, and the associated shear strains, are shown in Table 7 . Note that the ocean load contribution to the Mz strain tide is almost 50% of the body tide, while the corresponding tilt contribution is smaller ( Table 3 ) . The resulting tilts from the three applied strains are summed and then resolved
The model estimate of (G) is derived from the [Pelton and Smith, 19821 . The total uplift was 700 nun, averaging 13.5 mm/yr. The spatial pattern of the uplift is similar to Figure 4 , and a regional contractional strain with an average magnitude of 1.5 x yr-l would produce the observed uplift by tilt-strain coupling. A secular contractional strain of this magnitude should be borne out by a study of earthquake focal mechanisms, but such studies show a much more complex stress pattern with significant short-range variation [Doser. 19851.
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Conclusions
We have used an array of deep-borehole tiltmeters to study secular and tidal tilt in Yellowstone National Park, Wyoming. The tides that we measured there differ from the sum of the body tide and the ocean load by up to 50%. near a fault zone in Germany have comparably large tilt anomalies been observed. The discrepancy depends both on position and on azimuth and does not vary smoothly across the caldera.
The axially symmetric model of Harrison predicts deviations of up to 40% in the amplitude of the tilt tides (Figure l) , and a model of this type that explained our results could be constructed. It would require a sharp contrast in elastic parameters close to Norris, Madison, and Lake. Neither the location nor the sharp transition are consistent with the other evidence, and the agreement would depend on how the edge singuOnly larities of the Harrison model were smoothed.
Instead of smoothing the predictions of a simple model, we have constructed a threedimensional finite element model of the region incorporating seismic, refraction, and gravity data. The effect on the tides is inevitably smaller than the estimate derived from the Harrison model, since the contrast in material properties is more gradual. The predictions of this model are too small: tidal amplitudes change by 12% or less and the phase shift is 10' or less. More significantly, the predicted spatial variation disagrees with our measurements. We cannot reduce this discrepancy by varying only the elastic properties of the model, and significant changes in the size and position of the anomalous zone would be required to explain our observed spatial distribution. This conclusion could also have been derived in a more qualitative way from an empirically smoothed version of the the Harrison model. The shape and position of the anomalous zone are constrained by previous geophysical measurements, however, and we have not been able to construct a model that explains all of the observations.
The discrepancies between any of the models and the observations are much larger than we observed anywhere else and cannot be explained by any of the sources of error we have considered.
tiltmeters. Except for Norris, at least two different tiltmeters were used at every site, and the same tiltmeter was often removed for repair and then replaced on a different azimuth at the same site. gradients in elastic parameters than the data that defined our finite element model, and the disagreement between the two may indicate a more complex or more rapid spatial variation than is present in the current description of the region. 
